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Abstract. Noncommutative tori with real multiplication are the ir- 
rational rotation algebras that have special equivalence bimodules. Y. 
Manin proposed the use of noncommutative tori with real multiplica- 
tion as a geometric framework for the study of abelian class field theory 
of real quadratic fields. In this paper, we consider the Cuntz-Pimsner 
algebras constructed by special equivalence bimodules of irrational rota- 
tion algebras. We shall show that associated C*-algebras are simple and 
purely infinite. We compute the K-groups of associated C*-algebras and 
show that these algebras are related to the solutions of Pell's equation 
and the unit groups of real quadratic fields. We consider the Morita 
equivalent classes of associated C*-algebras. 
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1. Introduction 

Let 6 be an irrational number. An irrational rotation algebra Aq is the 
crossed product C*-algebra for the action of the integers on the circle by 
powers of the rotation by angle 2tt6. It is simple and has a unique normalized 
trace tq. These algebras are also called noncommutative tori and have been 
classified up to C*-isomorphism and Morita equivalence [H].|15j. 

Suppose that cr be a free and proper action of a locally compact group G 
on a locally compact Haussdorff space X. Then X/a is a locally compact 
Haussdorff space and Co{X) Xo-G is Morita equivalent to Co{X/a) (see [TB]). 
The action of the integers on the circle by powers of the rotation by angle 
2tt6 is free, but every orbit is dense and the orbit space (M/Z)/Z^ behaves 
badly. By the fact above, we may consider an irrational rotation algebra 
Aq serves to represent a quotient space (M/Z)/Z0. This idea is due to A. 
Connes [3]. 

An elliptic curve over C can be described as the quotient E"^ = C/(Z-|- 
Zcj) of the complex plane by a 2-dimensional lattice Z -|- Zw where we can 
take Im{uj) > 0. Most elliptic curves over C have only the multiplication-by- 
m endomorphisms. An elliptic curve over C has extra endomorphisms 
if and only if u; is in a imaginary quadratic field. In this case, an elliptic 
curve E^^ is said to have complex multiplication. Such curves have many 
special properties. One of the important properties is that j-invariant and 
torsion points of E^^ generate a maximal abelian extension of a imaginary 
quadratic field Q(u;). For real quadratic field, a similar description is not 
known. By the idea above and regarding (M/Z)/Z0 as ]R/(Z -|- Z6'), Y. 
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Manin proposed to use irrational rotation algebras corresponding to real 
quadratic irrationalities as a replacement of elliptic curves with complex 
multiplication. We shall explain there exist the analogous properties with 
complex multiplication in the irrational rotation algebras. 

Two C*-algebras A and B are Morita equivalent if there exists an j4- in- 
equivalence bimodule. An 74-S-equivalence bimodule is an j4-i?-bimodule 
£ which is simultaneously a full left Hilbert A-module under an A-valued 
inner product a(t) and a full right Hilbert 5-module under a valued 
inner product {■,-)b, satisfying a(C>??)C = ^{ViOb for any CiVX S £■ Let 
a be an automorphism of a C*-algebra A. We denote by £a the vector 
space A with the obvious left A-action and the obvious left A-valued inner 
product. We define the right ^-action on £ahy ^-a = ^a~^{a) for any ^ ^ £a 
and a G A, and the right ^-valued inner product by (Cj^)a = ce(?*^) for 
any (^,rj G £a- Then £a is an ^-^-equivalence bimodule. Hence equivalence 
bimodules are regarded as a generalization of automorphisms of C7*-algebras. 
The Picard group of C*-algebra A is the set of isomorphic classes of the A- 
^-equivalence bimodules It forms a group structure whose product is 
defined by tensor product. Let a and (3 be automorphisms of A. Then £a 
is isomorphic to £p if and only if a is unitary equivalent to /3. Moreover, 
£a <8 <?/3 is isomorphic to £^oa- Hence we obtain an anti-homomorphism of 
Aut(^)/Inn(y4) to the Picard group of A. 

The equivalence bimodules of irrational rotation algebras are constructed 
by M. Rieffel. These bimodules are defined as completions of Cc(K x Z/cZ) 
or 5(M X Z/cZ) with the certain actions of irrational rotation algebras |17j . 
|18j . There exists special Ag-^g-equivalence bimodules in the case where 9 
is a quadratic irrational number. In fact, K. Kodaka showed that if 6 is not 
a quadratic irrational number, then the Picard group of Aq is isomorphic 
to Aut{AQ) /lnn{Ag) and that if ^ is a quadratic number, then the Picard 
group of Ag is isomorphic to a semidirect product of Aut{Ag) /lnn{Ag) with 
Z We may consider that this is analogous to complex multiplication of 
elliptic curve. Y. Manin called this real multiplication and proposed the use 
of noncommutative tori with real multiplication as a geometric framework 
for the study of abelian class field theory of real quadratic fields [lOJ. 




In this paper, we consider the Cuntz-Pimsner algebras constructed by the 
equivalence bimodules of irrational rotation algebras, that are not generated 
by automorphisms and show that these algebras are related to the solutions 
of Pell's equation and the unit groups of real quadratic fields. 

In Section [2] we consider the Ag-Ag-equivalence bimodules. K. Kodaka 
consider the Ag-^e-equivalence bimodules as the automorphisms of IC 
where K is the C*-algebras of all compact operators on a countably infinite 
dimensional Hilbert space and determine the Picard groups of the irrational 
rotation algebras in [9] . We consider the equivalence bimodules of irrational 
rotation algebras neither as the completions of Cc(M x Z/cZ) (5(M x Z/cZ)) 
nor as the automorphisms of Ag <Si^ in this paper. If A is unital, then 
an A-A-equivalence bimodule is a finitely generated projective A-module 
as a right ^d-module. Note that we need to be careful with a left action. 
We consider the ^e-Ag-equivalence bimodules from this viewpoint. But we 
analyze the Ag-Ag-equiva\ence bimodules by the similar arguments in [Hj. 
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In Section [3] we construct C*-algebras from the bimodules considered in 
Section [2l We show that these algebras are purely infinite, simple, nuclear 
and in the UCT class. 

In Section m we compute the K-groups of the associated C*-algebras and 
show that these groups are related to the solutions of Pell's equation, where 
Pell's equation is — D'lp' = ±4 for given an integer D, to be solved in 
integers x and y. Moreover, we consider the Morita equivalent classes of 
associated C*-algebras. 

2. Real multiplication 

In this section, we shall consider Ag-^g-equivalence bimodules and review 
the result in [9J by the slightly different viewpoint. We refer the reader to 
[T] for basic facts of C*-algebras and equivalence bimodules. 

We shall review equivalence bimodules of unital C*-algebras. Let ^4 be a 
unital C* -algebra. Then an ^-^-equivalence bimodule £ \s a, finitely gen- 
erated projective j4-module as a right module. Hence £ is isomorphic to 
qA"' as a right Hilbert j4- module, where g is a projection in M„(yl). A right 
Hilbert A-module qA^ has a structure of (7 M„(74)g- ^-equivalence bimodule 
with the obvious left qMn{A)q-a,ci\.on and the gM„(A)g- valued inner prod- 
uct such that qMr,{A)q{<l{ai)i,q{hi)i) = qiajbDj^kQ for any ai,bi £ A. Since 
£ is an A-A-equivalence bimodule, qMn{A)q is isomorphic to A. Note that 
the left j4-action on qA^ and the left ^d-valued inner product is dependent 
on an isomorphism (j) from A to qMn{A)q. Let a be an outer automorphism 
of A and J- be qA" with the left A-action such that a- = (j)o a{a)(, for any 
a G A and ^ G qA^. Then £ is not isomorphic to as an A-A-equivalence 
bimodule. Therefore we need to be careful with an isomorphism from A to 
qMniA)q. 

We shall consider the condition of q that qAg is an Ag-Ag-equivalence 
bimodule. We need the following well-known fact. 

Lemma 2.1. Let qi, (72 be projections in Ag. If Te(gi) > TQ{q2) (resp. 
'^e{Qi) = 'Te{<l2))^ then there exists a unitary element w in Aq such that 
qi > w*q2W (resp. qi = w*q2w). 

Let Trg := Tg^Tr be the unnormalized trace on Mn{AQ) where Tr is the 
usual trace on M7v(C). We have the following lemma (see [8]). 

Lemma 2.2. If g is a proper projection in Mn{AQ) such that Trg{q) = k{c6+ 
d) where /c is a natural number and c, d are integers such that gcd{c, d) = 1, 
then 

qMjAff)q ^ Mk.(Aao+t) 

cB + d 

for any a, 6 € Z such that ad — be = ±1. 

Since qAg is a qMn{Ag)q-Ag-eqmvalence bimodule, the condition of q is 
equivalent to the condition that TrQ{q) = c9 + d where there exist integers a 
and b such that = hy the lemma above. We consider the case where 
6 is not a quadratic number. The following proposition is Corollary 9 in [9j. 

Proposition 2.3. Let 9 be an irrational number and £ be an Aq-Aq- 
equivalence bimodule. Assume that 9 is not a quadratic number. Then 
there exists an automorphism a such that £ is isomorphic to £a- 
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Proof. Let n be a natural number and g be a projection in Mn{Ag) such 
that £ is isomorphic to qAg. We denote by (p an isomorphism from Ag to 
qMn{Ag)q such that the left Ag-action on qAq is defined by a • ^ = 
for any a S and ^ G Q^g - discussion above, there exist integers 

a, b, c, d such that Trg{q) = c9 + d and = 0. Since is not a quadratic 
number, Trg{q) = c6 + d = 1. Hence, there exists a unitary element w in 
Mn{Ag) such that w*qw = 1 (X" en where en is a rank one projection in 
Mn{C) by Lemma [2.11 Since w*qwAQ where the left jdg-action is defined by 
a • ^ = w*(j){a)'w(, for any a £ Ag and ^ S w*q'wAQ is isomorphic to , £ is 
isomorphic to (l(g)eii)j4g. It is easy to see that (1® eii)Ag is isomorphic to 
Ag where the left ^g-action is defined by a • 6 = w*(j){a)wb for any a,b £ Ag. 
Therefore the proof is complete. □ 

We consider the case where is a quadratic irrational number. We may 
assume that 6 satisfies kO'^ + lO+m = with a natural number k and integers 
l,m such that gcd{k,l,m) = 1. The equation is uniquely determined. Let 
Dg = P — Akm be the discriminant of 6. The following fact is well-known 
(see [5] and [8] (Remark 7)). 

Fact 2.4. Let be a quadratic number. Then there exists a real number eo 
such that 

{c9 + d; = 6, a, b,c,d£ Z, ad - be = ±1} = {±e^; n G Z}. 

The number eo is only dependent on Dg. 

We may assume eg > 1. A real number eo is called a fundamental unit. It 
is known that the set {±e™; m G Z} is the unit groups (invertible elements) 
of 1i[k9] which is an order of a real quadratic field Q(^). Especially, if either 
Dg = 1 (mod 4) is square free, or Dg = 8 or 12 modulo 16 and Dg/A is 
square free, then Z[A;0] is a ring of integers of Q{9). We obtain the following 
proposition. 

Proposition 2.5. Let 6* be a quadratic number with k9^ + W + m = 0, 
and let q he a projection in Mn{Ag) for n G N. Then qA"' is an Ag-Ag- 
equivalence bimodule if and only if Trg{q) is a unit (an invertible element) 
in 'L\k9] which is an order of a real quadratic field Q(^). 

Since Trg(q) is a positive number, we have 

{Trg{q); qAg is an Ag — Ag — equivalence bimodule} = {e™; m £ Z}. 

We shall consider the relation between the Picard groups of the irrational 
rotation algebras and the unit groups of the real quadratic fields. We shall 
show that Ag- Ag-equivalence bimodules are simple form. 

Lemma 2.6. Let £ he a Ag- Ag-equivalence bimodule. Then there exist a 
projection q £ Ag and an isomorphism (j) from A to qAgq such that £ is 
isomorphic to qAg with the obvious right Ag-action, the obvious right de- 
valued inner product, the left dg-action such that a - qb = (j){a)b and the left 
Ag-valued inner product such that Agipa^pb) = 4>^^{pab*p) or Agq with the 
obvious left j4g-action, the obvious left Ag-vahied inner product, the right 
Ag-aciion such that pb ■ a = b(j){a) and the right Ag-vahied inner product 
such that {ap, bp)Ag = (l)^^{pa*bp) for any a,b £ Ag. 
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Proof. There exist a natural number n and a projection q £ AIn{Ag) such 
that £ is isomorphic to qAg. We denote by p an isomorphism from Ag to 
qMn{AQ)q such that the left Ag-action of qA^ is defined by a • ^ = p{a)^ for 
any a E and G 9^0- 

(1) The case Tre{q) < 1. 

By Lemma 12. H there exists a unitary element w in Mn{Ag) such that 
w*qw = q' <Si eii where en is a rank one projection in M„(C) and q' is 
a projection in Ag. Since w*qwAg where the left Ag-action is defined by 
a ■ ^ = w* p{a)w^ for any a £ Ag and ^ G is isomorphic to qA^, £ is 

isomorphic to {q' ® eii)A^. It is easy to see that (g' ® eii)A^ is isomorphic 
to q'Ag. 

(2) The case Trg{q) > 1. 

By Lemma I2.H there exists a unitary element w in Mn{Ag) such that 
w*qw > l(8>eii. It is easy to see that w* qwMn{Ag){l ® en) is isomorphic to 
w*qwA^. Hence £ is isomorphic to w*qwMn{Ag){l ® en). Since w*qw{l ® 
en) = 1 (g) en, £ is isomorphic to w* qwMn{Ag)w* qw{l ® en). Define a 
map il) from to w* qwMn{Ag)w* qw by •i/'(^^) = w* p{a)w for any a G ^4^. 
Then ij) is an isomorphism from Ag to w* qwMn{Ag)w* qw . Therefore £ 
is isomorphic to en) where the right ^g-action is defined by 

bijj~^{l en) • a = bip~^{a en) for any a,b G Ag. □ 

Remark 2.7. (1) By the proof, Agqi is isomorphic to q2Ag such that 
Trg{q2) = Tg{qi)-^. 

(2) Lemma 12.61 is important in the next section. 

We denote by <?6»,0,(j (resp. J^e,(f>,q) the ^e-^^-equivalence bimodule qAg 
with the left A^-action such that a ■ qb = 4>{a)b (resp. Agq with the right 
Ag-action such that bq ■ a = b(j){a)) for any a,b G Ag. We called £e,(j,,q and 
•^0,4>,q I'eal multiplication in the case g / 1. We shall consider the Picard 
groups of irrational rotation algebras. 

Proposition 2.8. Let qi and q2 be projections in Ag such that Ag is isomor- 
phic to qiAgqi and g2^6»<?2- Assume that (pi (resp. (/)2) is an isomorphism 
from Ag to qiAgqi (resp. q2Agq2). Then £g^(f,^,q^ ® ^d,4>2,q2 is isomorphic to 
Sd,cf>20<f>i,q where g is a projection in Ag such that T6i((7) = Tg{qi)Tg{q2). More- 
over, £e,4>i,qi ^ ^e,4>i,qi and J^g^<t,-^^q^ ®£e,(i,i,qi are isomorphic to Ag with the 
obvious actions and the inner products. 

Proof. Let q = (t>2{qi)- Then Tg{q) = Tg{qi)Tg{q2) and q < q2. Define 
a map F from <f6i,</,i,gi £e,^2,q2 to £e,^20<l>i,q by -F(gia g2&) = q4>2{a)b 
for any a, 6 G and extend it by the universality. Since qq2 = q, if 
qi®q2a = qi'Siq2b, then ga = qb. Hence F is well-defined. Easy computations 
show that F is an isomorphism of equivalence bimodule. Since J-g^(j,^^q^ is a 
dual module of £e,4,i,qi , £e,<t>i,qi '^^9,<f>i,qi and J^e,4>i,qi (^£e,<j,uqi isomorphic 
to Ag with the obvious actions and the inner products. □ 

K. Kodaka showed that if is a quadratic number, then the Picard group 
of Ag is isomorphic to a semidirect product of K\it[Ag) /\-n.n{Ag) with Z [9]. 
By Remark 12.71 and Proposition 12.81 Z part is related to the unit group of 
Z[/c^] which is an order of a real quadratic field Q(^). This is shown by 
another method in 
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3. Associated C*-algebras 

In this section, we construct C*-algebras associated with real muhiph- 
cation. We show that these algebras are simple and purely infinite. We 
recall Cuntz-Pimsner algebras [13]. Let A be a C*-algebra and £ he a, right 
Hilbert A-module. For £^,r] £ £, the rank one operator Q^^r) is defined by 
®5,»?(C) = C(^)C)a for any ( £ £. We denote by Ba{£) the algebra of the 
adjointable operators on £ and by Ka{£) the closure of the linear span of 
rank one operators of £. We say that £ \s a, Hilbert bimodule over ^ if £^ 
is a right Hilbert ^-module with a homomorphism (p : A ^ Ba{£)- We 
assume that £ is full and is injective. We define Is = (j)'"^ {K a{£)) ■ The 
Cuntz-Pimsner algebra Os is the universal C*-algebra generated by A and 
{S^; ^ G if } with the following relation 

Sai+I3r] = aS^ + f3Sri, aS^b = S^(^a)^h, S^Sri = rj) A 

for any a,b £ A, S^,r] £ £, a, (3 £ C and 

iK{(t>{a)) = a 

for a £ l£, where ik ■ le ^ is defined by iK{^^,-q) = S^S^. We shall con- 
sider the Cuntz-Pimsner algebras generated by the equivalence bimodules of 
irrational rotation algebras, that are not generated by automorphisms. By 
Lemma 12. 6[ the equivalence bimodule of irrational rotation algebra is iso- 
morphic to £e,<j).q or J^e,<f>,q- It is easy to see that the Cuntz-Pimsner algebra 
generated by £e,^,q is isomorphic to the Cuntz-Pimsner algebra generated by 
We denote by OqAg^,)) the Cuntz-Pimsner algebra generated by £e,<f),q- 
Since £e,<f>,q is an equivalence bimodule, Ka^ {_£e,<f>,q) is isomorphic to Aq and 
S^S* =Ae ^) for (,,'!]£ £e,<f,,q- Hence OgAo.^ is the universal C*-algebra 
generated by Aq and Sq with the following relation; for a £ Aq, 

aSq = Sq4>{a), SqSq = {q, q) Ag = q, SqS* =Ag {q, q) = 'P'-^iq) = 1- 

Therefore OqAgcp is isomorphic to the conner endomorphism crossed product 
Ag XI N. Note that (p is regarded as an endomorphism such that (f) : Ag ^ 
qAgq C Ag. 

Theorem 3.1. Let £g,q,(j) be an Ag-Ag-equivalence bimodule that is not 
generated by automorphisms. Then the Cuntz-Pimsner algebra OqAg,(j, gen- 
erated by £g,q,(i, is purely infinite, simple, nuclear and in the UCT class. 

Proof. By [19] (Theorem 3.1.), OqAg,(j, is simple and purely infinite because 
Ag is a simple unital C7*-algebra of real rank zero and with the property of 
Lemma [2T1 Since Ag is nuclear and in the UCT class, OgAg,(j, is nuclear and 
in the UCT class. □ 

The isomorphism class of C*-algebra OqAg,(j) is completely determined by 
the K-group together with the class of the unit by the classification theorem 
by Kirchberg-Phillips [7], [12j . Especially, the Morita equivalence class of 
C*-algebra OqAg,(j, is completely determined by the K-group. 
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4. K-GROUPS 

In this section, we compute the K-group of OqAg,(f,- Let D^^^^ be the 
hnking algebra of £e,q,<)>- The linking algebra of D^^ ^ ^ is the following form: 

where <Sg ^ ^ is a dual module of £e,q,<j)- The linking algebra D£g ^ ^ has the 
unique normalized trace Tr^ such that 

\ V y )' l + re{q) 
The natural embeddings are denoted by 

'^K{Se,q.4,) • ^Ag{£B,q,,p) I^£B,q,4,^ ^ Ag ■■ Ae Dgg^^^^, i : l£g^^_^ Ag. 

By [6] (Proposition B.3.), the inclusion iAg ■ Ag — > D^^^^ induces an iso- 
morphism on the K-groups. We can define a map K^,{[£g^q^(f^) : K^,{l£g , ^) — > 
K^,{Ag) by the composition of the map /C*((/>) induced by the restriction of 
^ to ■^^'9,9,^' tlie ™ap K^{iK(£g^^^^)) induced by iK{£g^g^^) and the inverse of 
the isomorphism K^:{iAg)- We have the following exact sequence [6] 

Ko{l£g,,J > Ko[Ag) > Ko[OqAe,4>) 



Since £g,q^(f, is an equivalence bimodule, K^{ij^(^£g ^^-j) is an isomorphism and 
l£e,q,^ =^e- Therefore K,{[£g^g,^]) G GL(2,Z) because KoiAg) ^ Ki{Ag) ^ 
and K^{(j)) is an isomorphism. By [4J, there exists an automorphism a of 
Ag such that Ki{a) = g for any g G GL{2,Z). Hence Ki{[£g^g^fj,]) is depend 
on (p and can be any element in GL{2,Z). Let Bg^q^^j, = Ki{i) — Ki{[£g^q^^]). 
We shall consider KQ(\£g ,q^^]) . 

Proposition 4.1. Let £e,q,(i> be an 746i-^e-equivalence bimodule such that 
Tg{q) = cO + d for c,d € Z and < 6 < 1. Then there exist integers a and b 

such that = 9 and ii'o([<?6»,<j,(^]) ~ ^ f a ) some basis of Z^. 

Proof. We can choose < [1], [p] > where Tg{p) = 9 as a basis of KQ{Ag) [Hj, 
[15]. Since -K'o(iyi(,) is an isomorphism, < [i^g (1)], [^Ag (p)] > is a basis of 
^oiDsg,,,^)- Easy computations show that TrD{iKieg,g,^)iH'^))) = i+ffg) ' 
TrD{iK{£g^,,^){Hp))) = itSm' '^'^D{iAg{l)) = and rrD(ue(p)) = 

i+rg(q) - Let i^o( [^6,5,0]) = I^^J ^ for a basis < [1], [p] >. Then we 
have 

Tg{q) xu + X2i9 



l + Tgiq) l + Tg{q) ' 
9Tg{q) _ Xi2 + X229 
l + Tgiq) ~ 1 + Tg{q) ' 
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By the discussion in Section [2l there exist integers a and b such that ^^^^ — 
9. Therefore we have xu = d, xu = c, X21 = b and 3:22 = a- □ 

By the proposition above, we shall show some examples. 
Example 4.2. Let 9 = and g be a projection in Ag such that Te{q) = 

= 9. Then = 9 and KodSg^gJ) = (^i _\ ) • By the exact 

sequence, we have 

Example 4.3. Let 9 = ^-jg^ and g be a projection in Ag such that Tg{q) = 
^i±^ = 50-3. Then §^ = 9 and Ko{[£g^g^^]) = ~^ ~^ ^ . By the 
exact sequence, we have 

Ko{OgAo,<^) = ker{Bg^g^^), Ki(0,a,,<^) = I^Vlm{Bg^g^^). 
Example 4.4. Let 9 = and g be a projection in Ag such that Tg{q) = 

^-2 = 29-1. Then = 9 and Ko{[8e^g^^]) = ~^ '^^ j . By the 

exact sequence, we have 
Ko{OqAo,^) ^ Z/2Z © Z/2Z © ker{Bg^g^^), Ki(OgAe,</.) = ^'/^"^(^e.g,^)- 

We shall consider the condition of 9i,92,qi,q2 that Oq-^Ag^,4,i is Morita 
equivalent to Oq^Ag^,<f>2- The following proposition is natural. 

Proposition 4.5. Let Sg^^q^^tf,^ be an -A^i -equivalence bimodule and 
£d2,q2,<l>2 be an "^6*2 "Equivalence bimodule such that Ag-^ is Morita equiv- 
alent to Ag^ and Tg{q\) = Tg{q2). Assume that I? / Im{{Bg^^q^^(i)^) is isomor- 
phic to 7? / Im{Bg^^q^^^^). Then Oq-^Ag^,4ii is Morita equivalent to Oq2Ao^,<l)2- 

Proof. We can assume that < ^1,^2 < 1- Since Ag-^ is Morita equivalent 
to Ag^, there exists g G GL(2,Z) such that 9i = g92 by [IS]. There ex- 
ist ci,C2,di,d2 e Z; such that Tg-^{qi) = Tg^{q2) = Ci9i + di = 02^2 + c?2- 
The discussion in Section [5] shows that there exists 01,02,61,62 G Z such 

that ( I ^-|^ = 9i and | ] ^2 = ^2- By the computation, we 

V ci oi y \ C2 d2 J 

have g ( ^ dl ) = ( 2 d\ )• ^'^''"^ ^er(Ko(i) - i^oli^^e,,,,,^,])) 
is isomorphic to Ker{Ko{i) - Ko{[£g^^q^^(f,^])) and /m(Ko(i) - -ftro(['?ei,gi,0i])) 
is isomorphic to Im{KQ{i) — -f^o(['?6»2,<?2,02])) by Proposition 14.11 Therefore 
the K-group of Oq-^A0^,<f)i is isomorphic to the K-group of C<j2A92,02- Conse- 
quently, Oq-^Ag^,(j}i is Morita equivalent to 052^92,02- '-' 

We shall show that the K-group of OqAg,^, is related to Pell's equation. We 
review elementary number theory. Let be a quadratic irrational number. 
We may assume that 9 satisfies k9'^ + 19 + m = with a natural number 
k and integers l,m such that gcd{k,l,m) = 1. The equation is uniquely 

determined. Let ^ ^ ^ ^ be an element in GL{2, Z) such that "g^^ = 9. 
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a b \ _ / ku 
c d J \ —mu 

where i, u are integers such that 

- Deu^ = 4 if ad - 6c = 1 

t^-Deu^ = -A if ad- 6c = -1. 



The equation above is called Pell's equation. By the above, c9+d — — ^ — . 
Especially, if t,u > are minimum integers satisfying one of the equations 
above, then *+"v^^ a fundamental unit. We shall determine the K-group 

of OgAg,<f,- 

Theorem 4.6. Let £e,q,(j, be A^-^e-equivalence bimodule such that Te{q) = 
t+u^/D^ where Dg is a discriminant of 9. Define Bg^g^^ = Ki{i) — Ki{[£Q^g^^]). 
Then Bg^g^^ can be any element in {1 — g; g G GL{2,X)} by the choice of 4> 
and we have the following. 

(1) If f2 _ Dgu'^ = 4, then 

KoiOgA,,<t>) = Z/siZeZ/'^Zeker{Bg^g^^), Ki{OgA,,4,) = / Im{Bg^g^^) 

where si is a maximal integer such that 2 — t = es\ and u = fsi for some 
e,/ e z. 

(2) If t"^ - Dgu^ = -4 then 

KoiOgA,,^) = Z/saZ e Z/-Z e keriBg^g^^), KiiOgA,,^) = I? / Im{Bg^g^^) 
where S2 is a maximal integer such that t = es^ and u = fs2 for some 

e,/ez. 

Proof. We may consider < ^ < 1. Let ^' ~ ^ ^ ^ ) ^ ^' ^ Projec- 
tion in Agi such that Tgi{q') = Tg{q). Then there exists (7 G GL(2,Z) such 
that i^o(^) - i^o([^e,g,</.]) = g'^{Ko{i) - Ko{[£g>^g>^^]))g by Proposition [131 
It is easy to see that m{9'Y + {I + m)9 + k + l + m = Q and < 6*' < 1. 
Proof of (1). 

The equation — Dgu^ = 4 gives e(2 + t) = — f'^Dg. It is easy to see 
that esi is an odd number if and only if t is an odd number and Dg is 
an odd number if and only if / is an odd number. From these, we see 
that and ^^^^^■^ are integers by elementary computations. There- 

fore there exist integers xn, a;i2, X21, X22 such that Koii) — Ko([<?e,<j,(/)]) = 

1 - ^ -ku \ ( Xll Xl2 A rpn , , . 

- /4-;„ = Si . ihe greatest common divi- 

mu 1 - ^ J \X2i X22 J 

sor of the matrix elements of KQ{i) — Ko(['?e,g,(^]) is equal to the great- 
est common divisor of the matrix elements of KQ{i) — KQ{[£gi ^gi ^^]) be- 
cause KQ{i) - KQ{[£g^g^^]) = g-^{Ko{i) - Ko([^6i',g',</.]))5- Since Ko{i) - 

( 1 - i-{l+m)u \ 

KQ{[£g, ^g, ^^]) = \ , J . t+{i+m)u ] and gcd{k,m,k + I + m) = 

\ yrv ~\~ t ~\~ ffi jU 1 2 / 
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1, gcd{xii, xi2, X21, X22) = 1- An easy computation shows that det(i^o(0 — 
Ko{[£e,q,<f>])) = 2— t. Hence there exists (71 , 32 S GL(2,Z) such that (71 (i^o(^) — 

l^o{[£9,q,(f>]))g2 ~ (^^Q 2^t ^- By the exact sequence, the proof is com- 
plete. 

Proof of (2). 

By an easy computation, det{Ko{i) — KodSg^q^fj,])) = —t. It is proved in the 
similar way of (1). □ 

We shall show some examples. 

Example 4.7. Let 6 = and g be a projection in Ag such that Tg{q) = 

— Then we have 

Example 4.8. Let 9 = \/5 — 2 and g be a projection in Ag such that 
Tg{q) = ^5 - 2 = ~^+^ . Then we have 

Ko{OqAe,<t>) = Z/4Ze A:er(Se,,,</,), Ki{OgAe,4>) = ^Vlm{Be,q,<p)- 
Therefore OgAg.t^ is not Morita equivalent to the C* -algebra in Example 14.41 
The following corollary is an extension of Proposition 14. 5i 

Corollary 4.9. Let <56»i,gi,0i be an -^^^ -equivalence bimodule and <?6»2,g2,</>2 
be an Ag^-^gj -equivalence bimodule such that Dg^ = Dg^ and Tg{qi) = 
Tg{q2)- Assume that 1? / Im{[Bg-^^q^^fj,^) is isomorphic to 1? / Im{Bg^^q^^fj,^). 
Then Oq^AB^,<l>i is Morita equivalent to Oq,^Ae^,<f>2- 

Remark 4.10. Let (9i = \/lO - 3 and 62 = Then Dg^ = Dg^ = 40 

and Ag^ is not Morita equivalent to Ag^.iT^his fact is related to the fact 
class number of Q(\/lO) is two.) Therefore Corollarv 14.91 is an extension of 
Proposition 14.51 
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